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ABSTRACT 
This paper addresses about the control of non-linear multivariable process named as a Quadruple Tank Process (QTP) operating in 

Minimum Phase (MP).Firstly, the linearized model can be used for designing a conventional PI controller, which does not handle 

the uncertainties, thoughit gives satisfactory performances for servo and regulatory operations.So, the need of continuous control 

action which is robust against uncertainties and guarantees the same control objective,a Sliding Mode Controller (SMC) strategy 

used to control the level of QTP of relative degree two.For getting a finite settling time and robust performance, Terminal Sliding 

Mode Controller (TSMC) is used. To improve the performance, integrality property is added to TSMC, whichleads to Integral 

Terminal Sliding Mode Controller (ITSMC).  In order to overcome the shortcoming of SMC, the fractional calculus is added with 

SMC leads to Fractional Sliding Mode control (FrSMC) which eliminates the uncertainty in the convergence time for the process 

output and reduces the variations in the control effort.The undesirable chattering effect is reduced using Multi Level Switching 

(MLS)algorithm which ensures smooth control action throughout the entire operating range. The performance of all the robust 

controllers is compared with a conventional PI controllerin terms time domain and errorcriteria using MATLABsimulationfor 

servo tracking, disturbance rejection and robustness. 

 

KEYWORDS:  Quadruple Tank Process, SMC,TSMC, ITSMC, FrSMC, Minimum Phase, Performance Indices, Robustness. 
 

INTRODUCTION 
 

During recent years, many researchers have been interested by Sliding Mode Control (SMC), a robust 
control strategy for nonlinear systems. SMC is a majorly used for robust performance even with parametric 
changes or bounded disturbance conditions. But, in the standard sliding mode controller, the settling time is 
uncertain. To make a finite time settling, the concept of the Terminal Sliding Mode Controller is introduced. 
But, the sliding surface of TSMC has a proportional and derivative component. Thus to improve the 
performance with same parameters and better tracking condition, the concept of integrative is introduced. This 
leads to the Integral Sliding Mode Controller, which is derived from the systems having a relative degree two. 

A complex and challenging multivariableQuadruple Tank Process is proposed in [1] and it also enumerates 
the various working configurations such as Minimum Phase (MP) and Non Minimum Phase (NMP) conditions. 
Different analysis techniques are given in elaborate with numerical examples in [2]. Various controllers are 
implemented in case of QTP from the day of its proposal and in such a case application ofSMC is made first for 
QTP is explained with detail modeling and control law is given in [3]. In order to understand the concept of 
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SMC to highly complex and nonlinear systems, various numerical solutions are given with detail explanation in 
[4 and 5]. A similar experiment to QTP is a hybrid tank system where bottom two tanks are interconnected, 
which is controlled with a SMC in [6] and it makes a useful introduction to SMC applied QTP. To make finite 
time convergence in the output response concept of terminality is used along with SMC to give an improved 
version called as Terminal Sliding Mode Control (TSMC). With TSMC, various processes are controlled [7and 
8] using fuzzy concept. The TSMC is designed for SISO system in [9] andextendsto many MIMO processes in 
an elaborate manner along with robustness concept in [10, 11, 12 and 13]. Further advancement is made in 
TSMC to get better tracking performance and improved working conditions for same parameters and control 
effort. This leads to the concept of Integral Terminal Sliding Mode Controller (ITSMC). These concepts are 
explained with numerical solution for another process in case of relative degree of the system equal to one [14, 
15, 16 and 18]. In [17], the FrSMC is designed based on [19] and compared with SMC for Modified QTP. 

This paper is structured as follows. In section II, a description and a dynamic model of the QTP are 
provided. The design and formulation of Standard SMC,TSMC,ITSMC, and FrSMC are given in section III. In 
section IV, the simulation results are presented and the performances are analyzed. Finally, section V contains 
conclusions. 
 
Model Of  Quadruple Tank Process: 

The laboratory QTP consists of four similar dimensions of cylindrical tanks connected in interacting 
fashion, two fixed speed pump and two control valves are shown schematically in Fig. 1 and experimental setup 
is given in Fig.2. The purpose of this plant is to control the level of lower two tanks. The plant’s inputs are the 
voltage signals applied to pumps. As depicted in Fig. 1, the tanks 2 & 3 and 1 & 4 are fed from the same pumps 
and the outputs of tanks 3 and 4 pour in tanks 1 and2 respectively. The control voltage limits are (0-5) V 
converted to actuator valve openingfrom(0-100) %. 

 
A. Dynamic model of the Quadruple tank process: 

A nonlinear process model could be achieved by using mass balance and Bernoulli’s law, 
 �ℎ������ = − 	�
��� �2�ℎ���� + 	�
��� �2�ℎ���� + ������� �� ��� �ℎ������ = − 	�
��� �2�ℎ���� + 	�
��� �2�ℎ���� + ������� �� ��� �ℎ������ = − 	�
��� �2�ℎ���� + �1 − �������� �� ��� �ℎ������ = − 	�
��� �2�ℎ���� + �1 − �������� ��  ��� … . . �1� 

 
 
Fig. 1: Schematic diagram of Quadruple Tank process 
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Fig. 2: Experimental setup of QTP 

where, �� - Cross-section of Tank (cm2) 
� - Cross-section of the outlet hole (cm2) ;i=1, 2, 3, 4 ℎ� - Water level in Tank (cm)   	�- Outlet valve ratio   �� - Fraction of water flow from pump j;j=1,2 
V j  -Voltage input of pump 1 and 2 (volts) 
g - Gravitation due to gravity (cm/s2) 
 
The linear model is obtained by linearizing the above nonlinear model at an operating point given by the 

equilibrium levels and flows. Based on the condition that a sum of flow ratios lies between 1< (ϒ1+ϒ2) ≤2, then 
the system works inMP mode. By substituting all parameters in equation (3), we can find the open loop transfer 
function matrix in MP case. The process parameters are givenin Table1. 
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where, the time constants are 
��� = �� �!� " #�$�% 

The corresponding transfer function matrix is,  &�'� = (����'� ����'�����'� ����'�)
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where, 
c1=T1k1kp1/A1   and c2=T2k2kp2/A2 

 
Table 1: Parameters of Process 

Process Parameters MP Operating point 
Ai(cm2) /  ai(cm2) 176.7146 / 2.01062 
ϒ1,ϒ2 (0.6,0.6) 
KP1, KP2(cm3/s-v) (70,64) 
(V1

0, V2
0 ) in volts (3.5,3.5) 

(β1,  β2,  β3,  β4) (0.6,0.7,0.4,0.385) 

 
For the above parameters, the linear (3) transfer function matrix is calculated to be 
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&�'� = * +.,+-.��,.�/,+01�� �.+�-����.,.�.01����,.�/,+01���.-+�2��,.�+��01�����.��++01�� �..,�.���.��++01��
3         (4) 

 
B. Tools for interaction measurements and PI controller design: 

An incorrect pairing can result in poor control system performance and reduced stability margins. RGA 
should be positive and nearly equal to unity for best pairing and for a lesser interaction. Thus the relative gain 

array for a 2 × 2 system can be expressed as, Λ=  









−
−

1111

1111

1

1

λλ
λλ

        (5)

 

It is based on the steady state process gain matrix,  &�'� = 46.9605 4.64033.0617 4.5925<and is represented byΛ. 

Ʌ = &�0� . * &=��0� = 4 1.800 −0.800−0.800 1.800 < 
The above RGA matrix indicates that the output-input pairings should be y1-u1 and y2-u2. It is shown that 

for this process y1 is paired with u1 and y2 paired with u2. 

The Niederlinski Index (NI) is a useful tool to analyze the stability of the control. ?@ = ABCDE�-�F
Π �GH

I E���-�.The 

system will definitely be unstable if the NI is negative.The system is stable (NI=0.8022) if paired (1, 1) and (2, 
2) and it is unstable for other pairings which should be avoided. 

Based on above interaction analysis, the diagonal elements of the transfer function matrix can be selected to 
design the decentralized control. The controller parameters are determined byDirect synthesis method for a first 

order process, &J�K� = LMNMO1� . The controller structure is,
1

2

( ) 0
( s )

0 ( )

G scG c G sc

 
 
 
 
 
 

=
. 

The tuning rule is given by,�P = NMLM∗R ; T� = TJ 

where, KV − Process gain ;  τV − Time constant of the process; Kg − Controller gain;  τj − Integral time constant. 
λ−Tuning parameter (≤ 2TJ) 
By the above rule, the values for the Decentralized PI parameters can be found and the controllers became, &P��s� = 0.2873 + -.--,/�l       (choose m =15); Go��s� = 0.4355 + -.-�-+l        (choose m =11) 

 
Various Sliding Mode Control Strategies: 
A. Conversion to standard form: 

For obtaining the control law in sliding mode controller, the actual systems must be converted to standard 
form or canonical form of equations. Thus, for conversion purpose the error variables are taken as phase 
variables. 
 
Assumption: 

The bottom two tanks are operated under standard or constant voltages. So that, derivative control law 
becomes zeroand the relative degree of the system becomes 2.With the above mentioned assumptions, the 
equations are rewritten as, 

ℎp � = −����ℎ� + ����ℎ� + ��qr�� ��- 

ℎp � = −����ℎ� + ����ℎ� + ��qr�� ��- 

ℎp � = −����ℎ� + �1 − ���qr�� �� 

ℎp � = −����ℎ� + �1 − ���qr�� �� 

where, 

��� = 	��
� �2� ��- −Constant input voltage. s −Index number of the tank, for which the dynamics  
are explained. 
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t −Index number of the tank written with respective  su$tank. 
The error is taken as follows . v� = ℎ� − ℎwxy�                                             (6)            
Similarly for second state variable v� = ℎ� − ℎwxy�                           (7) 
where, v�, v� −Error generated in the system or state variable. ℎ�, ℎ� −Actual height in the tank 1, 2 ℎwxy�, ℎwxy� −Reference height for tank 1, 2 
Thus, obtaining the phase variable format equations as, vp� = v� = ℎp � vp� = ℎ{ � vp� = v� = ℎp � vp� = ℎ{ � 
The complete phase equation format is  vp� = v�                 (8) vp� = − | LHH��$H} v� − ~L�HL��� � + |L�H�����=�����$�! } ��          (9) vp� = v� vp� = − | L����$�} v� − ~L��L��� � + |L����H��=�H���$�! } ��        (10) 

   
B. Standard Sliding Mode Control: 

Generally sliding mode control is used for tracking the desired trajectory even any functional parameter or 
input parameter changes. K� = v� + ��v�                                                                                                                                                                     �11� 

where, �� > 0 is a positive constant. The constant determines the slope of the sliding surface. 
On checking the stability of the sliding surface itself, the positive definite Lyapnouv can be taken as  ����K�� = �� K��                                                                                  (12) 

Differentiating equation (12) �p���K�� = K�K�p < 0                                                                      (13) 
where K�p = vp� + ��v� 
where, substituting the equation (9) 

K�p = ��� − ���2�ℎ�� v� − |������2 } + ����qr��1 − ���2�ℎ�� � �� 

 The equation (13) becomes 

�p���K�� = K� ���� − ���2�ℎ�� v� − |������2 } + ����qr��1 − ���2�ℎ�� � ��� < 0 

For making �p���K�� < 0 

�� = − ����qr��1 − ���2�ℎ�� �=� ���� − ���2�ℎ�� v� − |������2 } + �0� ∗ '���K��� 
where, �� ≥ ���� − ��� = �
��� �2�ℎ�����	�� − 	��� 

�� ≥ ���� − ��� = �
��� �2�ℎ�����	�� − 	��� 
 �l� ≥ ��� + ῃ);   �l� ≥ ��� + ῃ) 
 where,  ῃ − strictly positive constant ��� −Estimated function;  �� −Actual function; s = 1 & 2 
Similarly for control law ��is derived in a similar way K� = v� + ��v� 
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�� = − ����qr��1 − ���2�ℎ�� �=� ���� − ���2�ℎ�� v� − |������2 } + �0� ∗ '���K��� 
Thus, by using above control law the Lyapnouv function becomesVp���S�� < 0. Therefore the above control 

laws for SMC is asymptotically converging the sliding surfaces to zero and hence the system slides along the 
required sliding surface.The positive switching sliding gain (�l) can be adjusted to accelerate the outputs to 
reach their desired values within finite time.When the control laws are chosen,chattering will occur as soon as 
the state hits the sliding surface due to a discontinuity in Signum function. To reduce the chattering, MLS is 
proposed in the forthcoming sections. 

 
C. Terminal Sliding Mode Control: 

Terminality is introduced to bring a finite settling time in the sliding mode controller output response. K� = v� + ��v�� 
where, � −Fractional power from 0 to 1. 
The term � is included in the sliding surface manifold is for finite time convergence and the first derivative 

of the sliding surface is K�p = vp� + ���v���=��v� 
So, the final terminality included control law for TSMC is 

�� = − ����qr��1 − ���2�ℎ�� �=� �����v���=�� − ���2�ℎ�� v� − |������2 } + �0� ∗ '���K��� 
 
Similarly for second tank control law is derived K� = v� + ��v�� 

�� = − ����qr��1 − ���2�ℎ�� �=� �����v���=�� − ���2�ℎ�� v� − |������2 } + �0� ∗ '���K��� 
The expression for finite time convergence is obtained from the sliding surface equation.K� = 0  
Finally the finite time of settling is obtained as � = |�%|�H� �

¡H�H� �  (sec) 

 
D. Integral Terminal Sliding Mode Controller: 

The integral sliding surface manifold is defined by 

K� = v� + 2��v� + ��� ¢ v� ��£¤
£¥  

where, �y −Total time of running. �- −Initial time of running the system. 
 
Slight changes are made in the sliding manifold, where a power is added in the equation for bringing 

terminality concept.  K� = v� + 2��v�� + ��� ¦ v�� ��£¤£¥           (23) K�p = vp� + 2��v��v���=�� + ���v�� 
 
The control law is derived  as, 

�� = − ����qr��1 − ���2�ℎ�� �=� ��2���v���=�� − ���2�ℎ�� v� − |������2 } + ���v�� + �0� ∗ '���K��� 
The similar way for second sliding surface 
 

�� = − ����qr��1 − ���2�ℎ�� �=� ��2���v���=�� − ���2�ℎ�� v� − |������2 } + ���v�� + �0� ∗ '���K��� 
By making K� = 0 from (23), � = �¡H�H� §H�
��1��=¡H��H� §H�(Sec) 

The above expression gives the finite time of convergence. 
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E. Fractional order Sliding Mode Control: 

Generally, fractional sliding mode control is the use of sliding mode control with fractional plants, or the 
use of sliding mode control with a sliding surface corresponding to a fractional order dynamic, or both. Here, 
“fractional” refers to the inclusion of fractional derivatives in the differential equation governing the dynamic 
(that correspond to fractional powers of s when a Laplace transform is applied, or fractional powers of jω when 
a Fourier transform is applied).To overcome the shortcoming of SMC (undefined time for convergence), the 
fractional calculus is added with SMC leads to Fractional Sliding Mode control (FrSMC) which eliminates the 
uncertainty in the convergence time for the process output. FrSMC is designed based on fractional calculus of 
Podlubny (1998). 

The FrSMC is obtained from the Fractional-Order Sliding Surface and is given by,  S = m�x� + Dαx�. 
The proper selection of ‘α’ (0<α<1) values based on convergence is graphically given in forthcoming 

section.    The fractional PD sliding surface for tank 1 is expressed as, S� = m�x� + DαD=�xp �;   S� = m�x� + D�α=��x�  S�p = m�x� + D�α=��xp � 
By considering the following Lyapunov function V�S�� = 12 S�� > 0 

�� = − |L����H��=�H���$�! }=� |ª��=«���v� − L����$�} v� − ~L��L��� � + �l� ∗ '���K��; 

�� = − |L�H�����=�����$�! }=� |ª��=«���v� − LHH��$H} v� − ~L�HL��� � + �l� ∗ '���K��;                    (6) 

The sliding surface is equated to zero for attaining the finite time convergence expression S = m�x� + Dαx� = 0 
On rearranging and integrating the surface equation leads to  
 

¢ dtαC
C% = − | 1m�} ¢ x�=�dαx�

®H�C�
®H�-�  

final finite time convergence equation is given by 

t = | α�α + 1�m�}��
α¯ � |x��0�|��α§H�

α  

 
Finite time of convergence is,  

α
αα

α
α )1(
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1

1
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+
= x

m
t

sec 
 

F. Multilevel Switching Control: 
For reducing the chattering effect,a small concept is implemented to optimize the control law by adding a 

variable gain to the control law [17, 18]. For MLS, different operating conditions of the system are studied and 
classified into three different operating regimes with different error of occurrence conditions. The variables used 
are the following: different operating regions, different error occurring, and different switching levels (L – Low 
level switching, M – Medium level switching and H – High level switching). The logical combination of 
switching and the various ranges for the operating regions with a MLS gain is presented. The sign �S�  is 
replaced by the ML variable gain combined with the smoothness term. Thus, the combination of a smoothing 
filter and the MLS gain collectively reduces the excess control effort and sudden switching transients in the final 
control element, respectively. The modulus of the sliding surface |S| is taken to satisfy the Lyapunov criterion 
so that the obtained control law with the proposed methodology does not affect the stability of the system. A 
MLS mechanism which can provide the details of the amount of switching to need when variations in operating 
regions and  uncertainties occurring in the process. Based upon the core idea of this concept to reduce 
chattering, various sliding mode controllers are proposed. In order to ensure smooth control action throughout 
the entire operating range, MLS concept is embedded in control laws of all robust controllers designed. The 
control effort taken by FrSMC has comparitively less than other controllers. �- = �° w� ±²x ²x�x² 0³�u´$��# ²x�x²�µrrxw=²¶³xw�²�¡�u0��yµ²² ²x�x² 0³�u´$��# �µrrxw=²¶³xw�²�¡�u0� . Thus '�� �K� in control law is replaced by  ~|O|#%� ·=~ Ḩ%�

 

to reduce chattering.  
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Table 2: Look table of MLS for QTP 
Set point change (Servo) Disturbance (Error Level) Switching Level go 
[Level 1 - (13 to 17), Level 2 - (8 to 
12)] - LS 

Error < absolute (0.25) - (ZR) Low level  
(L) = (0.75 to 2.15) 

L = (0.28) 

[Level 1 - (17 to 21), Level 2- (12 to 
16)] - MS  

Absolute (0.5) < Error < absolute (2.5 ) - 
(MR) 

Medium level  
 (M) = (1.5 to 2.6) 

M = (0.22) 

[Level 1 - (21 to 25), Level 2 - (16 to 
20)] - HS 

Error > absolute (2.5) - (HR) High level  
 (H) = (2.1 to 3.4) 

H = (0.27) 

 
To reduce the effect of undesirable chattering in above robust controllers, a simple following exponential 

Multi Level Switching (MLS) variable gain (�-� is used. Initially the system behavior is studied for various 
operating regions with various error occurring conditions. Based on that, the logic pattern is formed and 
tabulated in Table 2 for finding the variable gain of the particular operating region with an error occurring 
condition. The chattering is taken care by the gain and smoothness of transition is taken care by the exponential 
component.  ¹=��&º�'�� ∗ |K| = ¹=� ~ �#%01�� ∗ |K| = ~|O|#%� ·=~ Ḩ%�

;  

where, �- = �° w� ±²x ²x�x² 0³�u´$��# ²x�x²�µrrxw=²¶³xw�²�¡�u0��yµ²² ²x�x² 0³�u´$��# �µrrxw=²¶³xw�²�¡�u0� . Thus '�� �K� in control law is replaced 

by  ~|O|#%� ·=~ Ḩ%�
 to reduce chattering.  

 
 

RESULTS AND DISCUSSION 
 
The simulation results of Standard SMC, TSMC, ITSMC and FrSMC are discussed. The analysis of the 

system is taken in terms of linearized model. But the control law is derived in terms of nonlinear process. So the 
simulation results are discussed in nonlinear process. The servo tracking and regulatory response of all the 
controllers are compared. 

 
A. Servo response: 

To test the ability of tracking performance of all the controllers, multiple step changes in the process 
variables are given (initially20% of positive step change at 600 sec and -20% of step change at 1200 
sec).Among the five controllers, ITSMC having better tracking performance with comparatively less rise time 
andfaster settling time without overshoot. The corresponding variations in the process variables and manipulated 
variables are illustrated in Fig. 3 and 4. 

 

                                  
 

                                           
Fig. 3: Servo response for change in level of tank 1 and 2 
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Fig. 4: Change in manipulating variable for change in level of tank1 and 2 
 

B. Regulatory response: 
Fig.5and 6depict the performance of the five controllers for disturbance rejection. After reaching the steady 

state,a sudden disturbance (magnitude of -2 cm) at 250 sec and a disturbance (magnitude of -4 cm) are 
introduced at 500 sec respectively. From the responses, it is inferred that the ITSMCrejects the disturbance 
quickly. The chattering of control signals of FrSMC is less when compared with others. But, SMC exhibits 
some steady state error. 

 

 
Fig. 5: Regulatory response for change in level of tank 1 and 2 
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Fig. 6: Change in manipulating variable for change in level of tank1 and 2 
 
C. Robustness response: 

The robustness of the SMCs are tested by varying the valve coefficient β1, β2 from its nominal value of 60 
%, 70% (0.6, 0.7). In this case, robustness capability is checked by adjusting the position of outlet valvesβ1& β2 
in gradual and instantaneous manner from its nominal values. From the simulated results shown in Fig. 7, the 
ITSMC makes a good impact in bringing the system to original operating conditions. TSMC oscillates around 
set points whileSMC has steady state errors.The first two figs are for process variables& last two figs for 
variations in manipulated variables. 

                                       

                                     
(a) 
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(b) 

 
(c) 

 
Fig. 7: (a) Robustness of level of tank 1 and 2 (b) variations by adjusting	�&	�Positions to +20 % &-20 % 

change from its nominal position  
 

D. State trajectory and Sliding surface: 
The state trajectory plot in state space between the levels in tank 1 and 2 is shown in Fig.8. The error 

convergence graph is shown in Fig. 9, where the sliding surface for the Standard SMC, TSMC, ITSMC 
andFrSMC are drawn to a single set point.The derivative of the state variable converges to zero, which implies 
the system reaches the steady state value. 

 
 

Fig. 8: State trajectory plot 
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Fig. 9: Switching on the sliding surface for SMC, BSMC, TSMC& ITSMC 
 
E. Comparison of Performance Indices: 

The Table 3 shows the comparison of all controllers in terms of time domain and error criteria for set point 
tracking and disturbance rejection. The performance of ITSMC is better than others. 

 
Table 3: Performance Comparison 

     Performance Measures 
Controllers 

DPI SMC FrSMC TSMC ITSMC 

    Time Domain 

OS 
(%) 

h1 - - 22.21 0.26 - 

h2 - - 27.538 0.72 1.15 

Ts 
(sec) 

h1 163 180 88 86 30 

h2 65 167 81 79 29 

  
 
 
 
Error Criteria 
  
  
  
  
  

S 
e 
r 
v 
o  

IAE 
h1 523.3 954.7 660.8 6141 309.8 

h2 264.4 698.5 468.1 404 204.8 

ISE 
h1 3504 7840 6820 6611 3306 

h2 1611 3716 3137 2896 1402 

R 
e 
g 
u 
l 
  

IAE 
h1 463.2 780.7 568.1 506.6 234.8 

h2 229.6 557.5 383.8 311.3 134 

 
ISE  

h1 3311 7279 6361 6174 3014 

h2 1192 3256 2741 2537 1158 

 
Conclusion: 

In this paper,DPI, SMC, TSMC, ITSMC and FrSMC controllers have been presented for nonlinear 
minimum phase Quadruple Tank Process. It  has  been  shown  in simulation  results  that  the  ITSMCscheme 
gives superior performance  in terms of fast response with minimum error values, better tracking, robustness and 
disturbance rejection capabilities than the others. With the help of multilevel switching, the chattering can be 
reduced in all SMCs. 
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